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Effects of Atmosphere and Aircraft Motion on the
Location and Intensity of a Sonic Boom
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Massachusetts Institute of Technology, Cambridge, Mass.

AND
EDWARD J. KANEf AND ARMAND SIGALLA|

The Boeing Company, Seattle, Wash.

In the present paper the problem of a shock propagating through a variable atmosphere is
considered, and a rather complete treatment is presented. Techniques are given which permit
the calculation of shock strength and location as a function of its initial configuration, the
atmosphere through which it has propagated, and the distance it traveled. A specific applica-
tion of this theory is made in considering the "sonic boom" caused by a supersonic aircraft.
Problems such as complete acoustic refraction and/or accelerating aircraft, which give rise to
shock configurations that are concave to the direction of propagation, are discussed. Attempts
at solving these problems by acoustic techniques sometimes lead to physically unrealistic
situations involving cusped shocks of high intensity. It is shown that when an approxima-
tion, better than the acoustic one, is used these difficulties are resolved.
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Nomenclature

sound speed
ray-tube cross-section area

Snell's constant
projected aircraft travel distance, in time AZ, along x

axis
ray-tube energy-source term
gravity component along ray tube
altitude

\ Cs
-^ I
(JO

- —— - —— - ————
po(wo + OQ) }

wave-front normal, x direction cosine
correction for wave-front position
wave-front normal, y direction cosine
Mach number
ray-tube mass-source term
wave-front normal, z direction cosine
direction cosines of wave-front normal
perpendicular distance between wave-front surfaces
(*,,')'"
pressure
radial distance
body-shape factor
distance along ray
cross-section area of aircraft
time
time for vertex ray to reach ground
wind speed in X direction
wind speed in x direction
wind speed in x direction relative to speed at aircraft

altitude
wind speed in Y direction
wind speed in y direction
wind speed in y direction relative to speed at aircraft al-

titude
aircraft air speed
aircraft ground speed
shock speed
particle velocity along ray
ray coordinate
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X = axis along direction of aircraft motion, moving with
wind at aircraft altitude

Xf = axis along direction of aircraft motion, fixed
y = ray coordinate
Y = horizontal axis perpendicular to X, moving with wind

at aircraft altitude
Yf = horizontal axis perpendicular to X, fixed
z = vertical axis
Z = vertical axis, moving with wind at aircraft altitude
Zf = vertical axis, fixed
7 = ratio of specific heats
X = initial angle between wave front normal and x axis
M = Mach angle
v = angle between shock front and x axis
0 = position of wave front in space and time
<£ = angular measurement about aircraft axis
p = density
a- — position of shock front in space
6 — angle between x and X axes
£,?? = distance along aircraft axis, measured from nose
770 = point on aircraft axis where last characteristic of ex-

pansion fan behind the shock leaves the body

Subscripts
f = fixed coordinate system
h = evaluated at initial, aircraft, altitude h
i>j}k = components in (i,j,k) direction
ph = physical variable, with dimensions
0 = atmospheric condition, lowest-order perturbation
1,2 = first-, second-order perturbation

1. Introduction

A RATHER complete treatment of the sonic boom propa-
gation problem will be presented in this paper. First,

techniques will be given permitting shock-strength deter-
mination as a function of aircraft shape, altitude, Mach
number, and atmospheric wind temperature and pressure vari-
ations. The shock-strength evaluation is based on a generaliza-
tion of geometric acoustic ray-tube area concepts. Next, the
acoustic ray-tracing equations are extended to describe shock
propagation, and a method for determining the shock-ground
intersection is given. Techniques developed are general
enough that problems such as complete acoustic refraction
and accelerating supersonic aircraft can be treated.
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The first of these problems, complete acoustic refraction,
occurs when a downward moving ray is refracted upward by
atmospheric variations. At the point of horizontal slope, the
wave front (normal to the ray) has a cusped shape, and two
adjacent rays will cross. Attempts1"3 at describing this situa-
tion by means completely dependent on acoustics can lead
to some physically unrealistic results. Geometrical acoustic
theory, which describes the wave amplitude (or shock
strength) as being inversely proportional to the square root
of the ray-tube cross-section area, will predict an infinite
amplitude at points where rays cross, corresponding to zero-
tube area. This is a physically unrealistic result; in fact, the
use of acoustic theory which is predicated on small amplitude
perturbations is highly questionable for this situation.

The second problem concerns the wave front caused by an
accelerating supersonic aircraft. For this case acoustic theory
shows the wave front to be concave to its direction of propaga-
tion and the rays, if extended far enough, to intersect. At
the point of intersection, cusped shocks of infinite strength
are predicted.7'8 The foregoing comments on the acoustic
refraction problem, apply equally to this problem.

The key to handling both these problems is in treatment of
the ray-tube area. Acoustic approaches always have the
front propagating at local sound speed and the rays dependent
on ambient atmospheric conditions. For the present approach
the front propagates at shock speed, and a relation between
the rays and the shock strength is obtained. By means of this
relation it is shown that an increase in shock strength will
cause the ray tube to diverge; this diverging, in turn, will
inhibit further increases in strength until finally an equilib-
rium configuration is attained.

Whitham4-5 developed a theory, for describing real shock
propagation, which includes first-order acoustic terms and
second-order nonlinear terms. In Whitham's and other
works6"8 based on his, the assumption had been made that
the disturbances are propagating through a uniform at-
mosphere. This restriction will be removed, and the solution
to the varying atmosphere problem will be given in Sec. 2.
Expressions will be derived there which show the dependence
of shock strength on atmospheric conditions and distance
traveled. These results then will be combined with Whitham's
to relate the shock to aircraft speed and shape.

In Sec. 3 the acoustic ray-tracing equations, which are de-
rived in the Appendix, and their relation to the aircraft co-
ordinate system is discussed. These equations are then al-
tered to include true shock-propagation speeds instead of
acoustic speeds. In addition, a technique is presented for de-
termining the locus of the shock-ground intersection.

The ray-tube area is discussed in Sec. 4. An expression is
developed which reduces to Whitham's5 for steady flight in a
uniform atmosphere, and which reduces to Rao's7 for ac-
celerating flight in a uniform atmosphere. This expression is
more general than that used by either of these two authors in
that it includes a term that gives the effect of shock-propaga-
tion speed on ray-tube area.

In Refs. 10 and 11, Whitham uses an expression relating
shock strength (^propagation speed) and ray-tube area. He
shows that converging rays, such as are associated with a
concave propagating shock, will cause the ray-tube area to
decrease. This decrease will in turn induce a stronger shock
that propagates faster. The faster propagation of the concave
part of the shock will tend to flatten the shock shape until a
stable configuration is attained. Whitham's theory involves
disturbances propagating along the shock front; this, how-
ever, cannot be included in the present ray-tube analysis
since the basic assumption here is that the shock propagates
down each tube independent of the adjoining tubes. The
result of the present theory is, however, similar to Whitham's
in that as the tube area decreases the shock strength will in-
crease, which will then cause the rays to diverge. This diver-
gence induces an increase in tube area until finally an equilib-
rium between the tube area and shock strength is attained.

One of the main difficulties in presenting this theory is the
interdependence between the three parts of the problems;
shock strength, shock location, and ray-tube area. It is
hoped that the development is reasonably logical and that the
cross referencing within the paper does not prove too distract-
ing. A brief summarizing outline of the results will be given
in Sec. 5.2.

2. Shock Strength

2.1 Shock Strength and Atmospheric Variations

Assume the shock is propagating through an atmosphere in
which there may be pressure, density, sound speed, and wind
variations with altitude but not with time. Two frames of
reference will be used in this problem. The first is a moving
reference frame in which the coordinate system travels with
the wind at aircraft altitude. As far as the shock is con-
cerned, its strength will be affected by the gradients of wind,
temperature, and density relative to where the shock starts.
Consider an aircraft moving at a given Mach number and
altitude in a uniform still atmosphere and again in a uniform
moving atmosphere; the strength of the shock as it reaches
the ground will be the same for both cases. However, to an
observer on the ground (in a fixed reference frame) the total
shock distance traveled will be different. This difference is
due, in the one case, to convection of the shock by the uniform
wind. In computing the shock strength as a function of dis-
tance traveled one would expect that the further the shock
propagates from its source, the greater will be its attenuation.
However, in the problem just posed the two shocks travel
different distances but still must have the same strength
upon arrival at the ground. This apparent paradox is re-
solved by measuring shock travel distance relative to a coor-
dinate system moving with the wind at aircraft altitude.

The second frame of reference is fixed with respect to the
ground and is used only when the shock-ground intersection
is computed, in Sec. 3.3. The authors therefore will assume,
unless otherwise indicated, that the coordinate system is
moving with the wind, and, hence, all velocities are relative
to the wind velocity at aircraft altitude.

The equations for conservation of mass, momentum, and
energy along a ray tube are

Pt + wp8 + pwa + (pwAs/A) = M(s)

wt + wws + (l/P)pa = 0(s)

(pt + wps) - (yp/p)(pt + wps) = E(s)

(2.1)

Here p,w,p,A = A (s) , s are density, particle velocity along the
ray, pressure, ray-tube cross-section area, and distance along
the ray, M(s) and E(s) are mass and energy source terms,
and G(s) is the component of gravity along the ray. The
variables are assumed to be dimensionless ; their relation to
physical variables is as follows:

Syh = sh = ht/ah

pPh = PPh = ahw

Constants Ph and «A are density and sound speed evaluated at
altitudek.

Within the present theory the shock propagates down a ray
tube perpendicular to the sides of the tube. Hence the flow
within the tube, induced by shock motion, will remain inside
the tube provided there is no gradient in the cross wind; for
this case mass and energy flux through a ray tube, M(s) and
E(s) are both zero. When there is a cross wind, M(s) and
E(s) are not zero, their form being quite complicated since
they involve derivatives of the flow variables in the direction
normal to the ray.

The ray-tube area term, Aa, was shown by Whitham5 (see
also Sec. 41) to be proportional to distance, s, along the ray
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for uniform flight in a uniform atmosphere. He then general-
ized this definition5 to account for an accelerating aircraft.
This will be generalized still further in Sec. 4, to account for
a varying atmosphere as well as aircraft acceleration.

The quantities E(s) and M (s) can be simplified by noting
that they represent mass and energy source terms, i.e., mass
and energy being convected into a ray tube by the wind.
This mass and energy will consist of atmospheric plus per-
turbation terms. For the present theory, only the convected
atmospheric terms will be included. Neglecting the con-
vected perturbation terms is in keeping with the assumption
that the propagation of the disturbance down each ray tube
can be treated separately. Since there is no mass or energy
created, the quantities E(s) and M(s) are equated to the
zeroth-order [see Eqs. (2.2)] atmospheric terms on the left-
hand side of Eqs. (2.1), insuring that atmospheric mass and
energy are conserved.

The solution to Eqs. (2.1) will be assumed to take the form
of a perturbation on atmospheric conditions :

p = po + Pi(t - a) + p»_(t - cr)2 + . . .

P = Po + Pi(t - a-) + p2(* - o-)2 + . . . (2.2)

and

W = WQ + Wi(t — CT) + ~ 0")2 +

In Eqs. (2.2) atmospheric terms are zeroth order and are as-
sumed to depend only on distance s. The amplitudes p\y p%,
Pi, etc. are to be determined; they also depend only on s.
Time dependence is introduced through the function (t — a).
The quantity cr, a function of s, is equal to s/aQ in a uniform
atmosphere; however, it is unknown in a nonuniform at-
mosphere. Curves (t — or) = const give the positions of the
wave front in space. The form given in Eqs. (2.2) is valid for
small values of (t — a), i.e., for points near the wave front
(the scaling is assumed to be such that t = 0 corresponds to
s or a ~ 0) .

Derivatives of the functions in Eqs. (2.2) take the following
form

pt = Pi + 2p2(t — o-) + . . .

ps = PQS + Pis(t - cr) - <rs[pi + 2p2(t - o-)] + ... etc.

Substituting these into the energy equation one obtains for
lowest-order terms

- wQas) - (7Po/po) N)p0s

or

= E(s)
Pi = (7Po/Po)pi

= E(s)

(2.3)

The quantity E(s) vanishes either if WQ = 0 or if the at-
mosphere is isentropic, p0 ~ p0

7.
Using Eqs. (2.2) and the results of Eqs. (2.3), one obtains for

the mass and momentum equations, respectively, zeroth-,
first-, and second-order equations :

Q — •] = — - M(s) + E(s)
A/ po

Pi(l —

2p2(l — s + wopis +
(2.4)

Po \Po Po

(l/po)p0s = G(s)

— i0o<O — (Pi/Po)<r» = 0

(2.5)

— w0as) — (2/p0)p2<rfi + Wi(wGs — Wi<rt) +

wQwls + (1/po) [pis - (pi/7Po)(pos - Pier.)] = 0

The zeroth-order equation in (2.4) defines M(s)

M(s) = WopQ9 + pQw0s + wQpoA8/A

The first-order equations in (2.4) and (2.5) are homogeneous
simultaneous equations for wi and p\. In order to have a
nonzero solution the determinant of coefficients must be
zero, i.e.,

(7Po/PoV8
2 - (1 - = 0 (2.6)

or

[The first equation in (2.6) corresponds to the eikonal equa-
tion of optics.] Take the plus sign in Eqs. (2.6) since this
represents outgoing waves, that is, waves propagating in the
+s direction. Using Eqs. (2.6) one has

(2.7)

(2.8)

Pi =
and, differentiating, this gives

7po ywi (Pis = — Wia -\- — ( PQS —

The quantities p2 and wz can be eliminated by multiplying
the third equation in (2.5) by ypo/aQ, adding it to the third
equation in (2.4), and using (2.6). After substitution of pi in
terms of Wi by using Eqs. (2.7) and (2.8), the resulting dif-
ferential equation is

5 , PQS _ 0-Qs . 2WpspQ — (7 —

Po a,Q PQ(WQ + GO)

(7 + l)tfli2

(M;O + a0)2 = 0 (2.9)

Before integrating Eq. (2.9) some comments on the theory
and results can be made. The lowest-order perturbation rela-
tion is that given in Eq. (2.7); this corresponds to acoustic or
weak shock theory. The next result is obtained by omitting
the nonlinear w\z term in Eq. (2.9); this corresponds to the
theory of geometrical acoustics which is the next order (but
not nonlinear) improvement. It can be shown that this
equation agrees with Eq. (56) of Ref. 9 to terms 0(w0

2/a0
2).

For an isothermal atmosphere with no winds, a0a = WQ = 0,
and Eq. (2.9) (neglecting w^) integrates to Wi(Apo)1'2 =
const. Using Eq. (2.7), this can be written in the form now
commonly used to give a correction for varying atmospheric
pressure to sonic boom strength estimates

Pi = pMpok)ll2(Ah/A)v*

By retaining the w^ term in Eq. (2.9) an improvement to
geometrical acoustics is obtained. This is the best that can be
done without involving entropy losses, which are third-order
perturbation effects. Equation (2.9) can be integrated after
introducing the function /(s), where

I(s) = exp
PO(WO + do)

'-• & j
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the resulting integral is

+ rJo
ds' (2.10)

Equation (2.10) relates the perturbation strength to dis-
tance along the ray. As the shock moves from the
aircraft the cumulative effect of the expansion wave be-
hind the shock wave is felt. It is seen4' 5 that this is what
causes the attenuation represented by the integral in Eq.
(2.10). The expansion wave, in turn, is dependent on body
shape. In the next section the relation between shock
strength and aircraft body shape will be determined.

2.2 Shock Strength and Aircraft Shape

For acoustical theory the wave-front position can be given
by t — cr(s) = const; however, it is possible, within the
present improved theory to obtain a better prediction of
shock position. Assume the shock location along a ray can
be given by t — <r(s) = —L(s). The quantity L(s) is the
correction of the present theory over acoustic theory. If one
lets V8 denote shock velocity
1/V. = (dt/ds) = - (dL/ds) =

- (dL/ds) (2.11)
using (2.6). Another expression for Vs is obtained by using
the fact that, to the present order of approximation, the
shock speed is the average of the propagation speeds in front
of and behind the shock:12

V. W + a) = WQ + a0 +

ai)L(s)

= WQ + oo - [(7 + l)/4KL(s)

+ cti)(t - a)

(2.12)

local pressure,

P ~ Po 7^i (. N yu>i , T f , ,———— = —— (t - <r) = —— [—L(8)\aQ doPo

2yR/(y
(2.14)

The constant R, which contains the aircraft body-shape
factor, is determined by comparing Eq. (2.14) to its counter-
part, Eq. (13) of Ref. 5. This equation is

Pi ~ Po
Po

Ka s ds y/2

. A1/2/
(2.15)

Using Eqs. (54) and (13) of Ref. 5 (the 7 in the former equa-
tion should be in the numerator),

1/2

= I 47fl0

( 7 + 1
X21/2 (Tlf2 - I)1/2

fT«l_ fUT> S''(£)dt \

Jo 27T Jo (UTf - £)1/2 J

1/2

(7 (r, -

1/2

Equation (2.15) was derived assuming a uniform atmosphere.
To reduce the results to this case, set p0 = p0 = a0 = 1 and
WQ = 0 on the right-hand side of Eq. (2.14), obtaining

[2T/(7 + !)]# = Kh-w

The factor h~314 is to make the double integral dimensionless.
Combining the forementioned results, one has

p - pQ

Po
(7+ 1)1/2 - I)1

'!_ p
27T Jo (1? -

aj(8)
[Ap0 "I

——
L a>o J

1/2
ds T

B(8)]

(2.16)

or

do)] + [(7

In the foregoing equation the quantity G&I was eliminated by
using the weak shock identity [corresponding to Eq. (2.7) ]:

01 = 1(7 - D/2]u>i
Equating Eqs. (2.11) and (2.12), and using Eq. (2.10)

~dL L

B(s) B(s)
with

nt\B(s) = —— ry—
L «o(s) J

This is integrated to yield
F /•*

L(s) = R\ ILy° = const (2.13)

Using the first-order relations in Eqs. (2.2) and (2.7), and
then substituting Eqs. (2.10) and (2.13) one obtains an ex-
pression giving the pressure jump across the shock, relative to

Equation (2.16) gives the pressure jump across the shock, in a
nonuniform atmosphere, as a function of distance traveled,
aircraft shape, and atmospheric variations.

In order to determine the wind component WQ along the
ray, the position as well as the slope of the ray corresponding
to distance s must be known. This will involve a simultaneous
solving of the ray equations (given in the next section) and
the shock-strength equation, (2.16). The exact expression
for w0 is given in Eqs. (3.2) or (3.11). However, since wind
variation is small in comparison to sound-speed magnitude, a
simple approximation for WQ can be made. One could, for
example, assume the ray to be a straight line from its source to
its destination and then let WQ be the wind component along
this line. The ray-tube area term A is yet to be defined. This
term will be discussed in Sec. 4.1.

3. Ray Tracing and Shock Location

3.1 Acoustic Equations

It will be assumed that atmospheric sound speed a0 and the
horizontal winds (wo,t>o) in the (x,y) directions are functions of
height z alone; the vertical wind component will be ne-
glected. If the coordinate system moves with the wind at
aircraft altitude and is so aligned that the normal to the wave



JUNE 1963 SONIC BOOM 1331

front is parallel to the (xtz) plane, the acoustic ray equations
(derived in Appendixes A.I and A.3) are

dx
dz

dz

lap + i
naQ

dy
dz

Vc dt
dz

I =
C — UQ

n = -(1 - 22)1/2 c = 2* (3.1)

The wind component along the ray now can be determined,

dy _ I dx dy\ dz
) ~T~ == I ^o ~r~" i ^o ~T~ ) ^~ds \ dz dz/ ds

dx

up(dx/dz) H~ Vp(dy/dz)
[(dx/dz)2 + (ety/cfe)2 +

(3.2)

2w0Zao]1/2

Geometric identities will be developed now by means of
which the shock and ray cone, occurring for any physical
problem, will be related to the ray-tracing equations (3.1).
What is required, for any selected ray, is the position of the
(x,y,z)' coordinates of Eqs. (3.1) relative to the (X,Y,Z) air-
craft-coordinate system. The (x,y,z) shock-coordinate system
has wind velocities (u0, VQ) in the (x,y) directions; since this
coordinate system moves with the wind at the aircraft alti-
tude, the velocities (UQ}VQ) relative to the system vanish at this
altitude. The air-speed vector is along the negative X axis.

It is assumed that data are desired for rays spaced at angles
<i> (see Fig. 1) about the axis of rotation (X axis). The ray-
cone angle ( = 90° — /z where p, = Mach angle) is set by the
flight condition. All data are determined in terms of p, and <i>.
0 is the angle the wind components must be rotated (about the
Z axis) in order to be lined up with the (x,y) coordinates, to
which Eqs. (3.1) refer. Also, since rotation is about the Z
axis, z = Z.

From the definition of /z, tan (90° - /*) = (M2 - I)1/2,
hence one has, from Fig. 1,

S = R sin* N = #/tan(90° - M) tan0 = S/N
tan0 = tan(90° - n) sin<i> = (M2 - I)1/2 sin<i>

therefore,
i

costf = [1 + (M2 - 1) sin2*]1/2

sin0 = (M2 - IV^
[1 + (M2 - 1)

(3.3)

Let X be the initial angle between the ray and the positive x
axis; then lh = cosX. The Mach number and ray angle are
related to lh as follows:

T = R cos* P = S/siu6 = R sin*/sin0
tanX = TIP = cot* sin0

= cos*(71f2 - I)1/2/!! + (M2 - 1) sin2*]1/2

lh = cosX = (-1/M)[1 + (M2 - 1) sin2*]1/2 (3.4)

Letting UQ and ^o be the relative wind components along the
x and y axes, one has

Uo = (U - Uh) cos0 + (V - Vh) sin0

^o = -(U - Uh) sin0 + (V - Vh) cos0 (3.5)
where sin$ and cos0 are given in Eqs. (3.3).

Snell's constant is

c = aQ/l evaluated at the initial point

= - ahM cos0 (3.6)

Shock *
Cone-"

•Projection of Ray
Being Considered7

c) END VIEW b) TOP VIEW

Fig. 1 Initial ray-cone coordinates

3.2 Improving the Acoustic Equations

In keeping with the theory as a whole, several parameters
in Eqs. (3.1) will be improved; however, the form of the
equation will be retained. First the local sound-speed term «o
will be replaced by the shock-propagation speed V,. This
substitution can be used in both Eqs. (3.1) and (3.2).

The use of shock-propagation speed instead of sound speed
leaves the derivation of SnelFs law, as given in the Appendix,
open to question. It will be shown now that a plane-propa-
gating shock satisfies the same refractive law. Consider a
shock propagating through a region in which atmospheric
properties (Fig. 2) on either side of some horizontal line are
uniform but different. The component along the x axis (Fig.
2) of the incident shock velocity relative to the wind must
equal that of the refracted shock. That is both sections of
the shock travel along the x axis at the same speed. There-
fore,

This relation, which corresponds to SnelPs law, will be taken
to hold all along the path of shock propagation.

If one assumes now that the initial shock angle is prescribed
by the Mach angle, one has, after making the identification
sim> = — Z,

Vs fV8 \
-j1 + I/O = ( y8 + U0 J initial = — 0>hM COS/9 (3.8)

= - Va COS0

To obtain this relation Eqs. (3.3), (3.4) have been used, and,
at the initial Mach cone, Uh = 0, VSh = ah. One sees then
that, for any direction, the shock propagates at the same speed
as the component of aircraft velocity in that direction. Eq.
(3.8) can be derived directly from Eq. (3.6) by simply replac-
ing sound speed by shock speed. In addition, the accuracy
of Eq. (3.8) can be improved by using some of Whitham's4

results relating the initial shock properties to the body slope
at the nose.

In any case, Eq. (3.8) is of considerable importance in that
it gives a relation between the ray angle and the shock velocity
(or strength) V8, as well as the ambient atmospheric and
initial conditions,

Z = -V. (3.9)

This relation will be used in Sec. 4.1 for determining an ex-
pression for ray-tube area.

Equations (3.1) and (3.2) can be rewritten with shock
propagation speed instead of sound speed, and with direction
cosines just defined:

dx
dz

pVs

I =
UQ

nVs

ds =

dz ~ '
-Vs

H Va cos0

dy_
dz

!)'
nVs

dt_
dz

1
nVs

WQ =

(3.10)

n = — (1 — I2)112 = —cosv

O I O

(3.11)
2-MoZF.



1332 FRIEDMAN, KANE, AND SIGALLA AIAA JOURNAL

Fig. 2 Shock refraction through
a nonuniform region

These equations must be integrated simultaneously with
the shock strength Eq. (2.16). Equations (3.10) furnish the
shock location and propagation distance s, while Eq. (2.16)
furnishes the shock strength for determining V8. Shock
propagation speed is related to pressure jump as follows:

Vs =
It should be noted that the V8 used here, and in the re-

mainder of this paper, is different from that used in Eqs. (2.1 1)
and (2.12). In Sec. 2, Vs represented shock velocity relative
to a fixed point, s = 0. The F* used here is shock-propagation
speed relative to local wind. The present V, equals the one of
Sec. 2 minus WQ.

3.3 Shock-Ground Intersection

If Eqs. (3.10) are integrated from z = 0 to z = —h (i.e., for
an aircraft at altitude h) for a given angle <£, a point on the
ray-ground intersection is obtained. This must be related to
a fixed coordinate system before the shock-ground locus can
be constructed. Two simple transformations are required for
this; the ray coordinates [Eqs. (3.10)] are related to the
(X, Y,Z) coordinates by a rotation, and these coordinates are
related to the fixed coordinates by a translation.

The (X,Y,Z) system initially coincides with the fixed sys-
tem (Xf,Yf,Zf), its negative X axis aligned with the airspeed
vector. For later times this system moves away from the
fixed system at aircraft altitude wind speed (Fig. 3a) .

These two systems are related as follows :

Xf = X + Uht
Yf = Y + Vht

(3.13)

Where t is the time taken by the selected ray to reach the
ground and (Uh,Vh) are wind components along (Xf,Yf), at
the airplane altitude.

The relation between the ray system and the '(X, Y,Z) sys-
tem as indicated in Fig. Ib is

X = x cos0 — y sin#
Y = x sin# + y cos0

(3.14)

Equations (3.13) and (3.14), when combined, will give the
locus of the ray-ground intersection. This is the locus of dis-
turbances that left the aircraft at the same instant. What is
desired, however, is the shock locus, i.e., disturbances that
arrive at the ground at the same instant. This is determined
easily for an aircraft flying at constant velocity, for in this
case the shock locus is invariant with time. Consider first the
shock and ray intersections that touch at a common vertex
(Fig. 4). Points on the shock to either side of the vertex cor-
responds to rays that took a longer time to reach the ground.
The shock moves along the ground at aircraft ground speed;
a'sequence of shock positions is shown in Fig. 4.

Fig. 3 a) The moving and fixed coordinate systems;
b) air-speed and ground-speed vector relation

Ray
Locus

Fig. 4 Ray-shock-ground inter-
section. The shock is symme-
tric about the Va axis but is dis-

placed in the Vg direction

If for each point of the ray-ground intersection the dis-
tance D [Eq. (3.15) below] is projected back parallel to the
ground speed direction, the corresponding point on the original
t = to shock is obtained:

D = Va(t - fe)
V0 = aircraft ground speed = [(7. - Uh)z + 7A

2]1/2

(3.15)
to = time for vertex ray to reach ground
t = time for selected ray to reach ground

The relation between ground speed and air speed, head wind
and side wind is as indicated in Fig. 3b. Ray travel times are
obtained from integration of Eqs. (3.10).

4. Ray Tube Area

4.1 Ray Distance, Atmospheric Variations, and Aircraft
Acceleration

In a uniform atmosphere the shock is cone shaped, and the
ray-tube cross-section area is A = 2irrd (see Fig. 5). For the
ray directly below the aircraft, 6 = 0 and rd = re cos/z =
rVaAtcosfji = s70AZcosV; Va = airspeed, At = time incre-
ment, fj, = Mach angle. One therefore has A =
(2irVaAt cosV)s = (const) s for a uniform flight speed. For
this case one can replace A3/A by 1/s in Eq. (2.9), or in
Eqs. (2.10) and (2.16) replace A by s. With this substitution
Whitham's result, Eq. (44) of Ref. 4 can be obtained.

This result now will be extended to include cases for which
the atmosphere is nonuniform and the aircraft may be ac-
celerating. The rays will not be straight lines; however, they
may be described by the equation z = x cot*>, as in Fig. 6. In
this equation the shock angle, v, varies along the ray path.
The distance, d, of any point (x,z) to the ray z = x cotv is d =
z sin*> — x eosz>. Consider, specifically, the distance to the
ray z = (x + e) cot(j> + Av)

d = ^[sinz' — cosz' tan(i> + Av)] + e cosz> (4.1)

After letting e = Va cosOAt, where 70 cos# is the air-speed
component along the x axis (ray-coordinate system), one can
expand Eq. (4.1) in powers of Av and At, obtaining as first-
order terms

d = Va cos0A£ — z secMz> (4.2)
The increment Az> can be related to increments in shock

speed, winds, and aircraft speed by using Eq. (3.9). This
leads to

—— X

<JA7S - si

Using

cosfl ]| (4.3+ A«. (4.3)

AV, ^ dVs dz ̂  ̂  dVs
At dz dt * dz

AuQ duG dz Tr du0— » -T- -£ ~ nV, —At dz dt dz
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and combining Eqs. (4.2) and (4.3), one obtains

z tan*>
7a COS0 COSZ> — cosz> [ dV.— n — sidz smz> X

[~cos0 dVa /M2 cos20 — 1\ cfo/o
LTT "̂  \ M2 - I ) ~dz*

ing the equations below (4.3), one obtains finally
\z\ tam> fdV8

Va COS0 COSI> I ^
n — sinv X

The scaling constant, sec2z>A, has been inserted in order to
have A = s for a uniform atmosphere and flight speed.

If the aircraft is accelerating, the term dVJdt in Eq. (4.4)
is positive. Neglecting the terms dV3/dz and du0/dz, one sees
that for \z\ large enough the quantity within the braces
vanishes. This gives rise to situations involving shocks of in-
finite amplitude as discussed by Rao.7 In fact, if one sets

6 = dV8/dz = duQ/dz = 0
F* = a* — sound speed at aircraft altitude

(l/7J(dV./dt) = M

Z — S COS/J,

one obtains Rao's result for an accelerating aircraft in a uni-
form atmosphere,

A = (const)* [1 - (sM/M2cosVF«)]
For the present theory, the term dVs/dz is crucial. By

using Rao's theory, the foregoing expression implies
that for a certain value of s the area vanishes and the shock
amplitude is infinite. The term dVs/dz in Eq. (4.4) prevents
this from happening. This is because as the shock strength
increases it propagates faster and dVs/dz increases; it will
•continue increasing until it counterbalances the negative
contribution from the — dVa/dt term. From then on an
equilibrium shock configuration is attained as it propagates.

Ordinarily, because of the l/Va, all the terms in Eq. (4.4) are
negligible in comparison to cosz^, but when complete acoustic
refraction occurs cosi> goes to zero. However, before this can
happen the other terms in Eq. (4.4) increase in magnitude
.and the ray-tube area, A, is prevented from going to zero.
.Again an equilibrium shock configuration is attained.

It should be noted that in the shock strength Eq. (2.11), the
.area term is integrated with respect to ray distance s, whereas
Eq. (4.4) gives the ray-tube area as a function of z. This can
be resolved by simply replacing ds, in Eq. (2.11), by (ds/dz)dz
.and using Eqs. (3.10) to evaluate ds/dz.

In closing this section an examination of the expression for
ray-tube area, Eq. (4.4), and its derivation will be made. The
shock refraction Eq. (3.9) relates the local shock angle with
its initial angle. Hence the terms AFS and AuQ in Eq. (4.3)
can be interpreted as contributions to the change in shock
angle from its initial angle as it moves along the ray. Simi-
larly the term AF0 is the contribution to the change in shock
.angle as the aircraft moves along the flight path. The present
theory therefore considers the initial ray angle as somewhat

Fig. 5 Ray-tube
coordinates for a
.uniform atmos-

phere

FLIGHT
PATH '

Rays

Shock

like an equilibrium position and that changes from this posi-
tion are combined with the shock-strength and location equa-
tions, in a complicated manner, to determine a new, local
equilibrium configuration.

5. Conclusions and Outline

Approximating the ray-tube area by A = 2?r «| d, and combin- 5.1 Conclusions

The present theory, when used in its total generality, re-
quires a simultaneous solution of the shock-strength equation
(2.11) and the shock-location equations (3.10) with the ray-
tube area being given in Eq. (4.4). By application of this
theory, sonic boom intensity and location can be determined
for arbitrary aircraft and atmospheric conditions. In addi-
tion, the theory can handle problems such as complete acous-
tic refraction and accelerating aircraft, which are beyond the
scope of acoustic approximations.

When treating any specific problem, many simplifications
could be made. For example, if one considered steady flight
in which no acoustic refraction occurred, the ray-tube area
could be simply approximated as A ̂  s. Also, for most cases
the acoustic ray-tracing equations (3.1) probably would pro-
vide sufficiently accurate shock-location data. However, the
use of Eq. (2.11) for shock-strength determination should
give, in all cases, a better answer than the isothermal-pressure
correction.

At the present time a digital computer program is being
written to carry out computations based on the present
theory. Results of these computations and the evaluation of
this theory will be given in a later note.

5.2 Summarizing Outline

A brief summary of the basic assumptions and equations
will be given in this section. It is assumed that the aircraft
altitude, flight pattern, and the conditions of the atmosphere
are known. The objective is to locate the shock-ground inter-
section and to determine how the shock strength varies along
this intersection. First, several angular positions around the
initial aircraft Mach cone are chosen. Corresponding to each
of these positions a ray is located, and the ray (x,y,z) coordi-
nate system is defined relative to the aircraft (X,Y,Z) axes.
This procedure is described in Sec . 3 . 1 . The next step is to de-
termine the path of shock propagation, using ray-tracing equa-
tions (3.10) . These equations, derived in the Appendix, are im-
proved in Sec. 3.2 to account for actual shock propagation
speed. However, in order to determine shock-propagation
speeds the shock strength must be known. The variation in
shock strength, as it propagates along the ray, is determined
in Sec. 2 and is given in terms of pressure jump in Eq. (2.16).
Propagation speed and pressure jump are related in
Eq. (3.12). An important factor in determining the shock
strength is the ray-tube area, and this is discussed in Sec. 4.
Therefore, the ray intersection and the shock-strength varia-
tion at the ground are determined by integrating the ray-
tracing equations (3.10) in conjunction with the shock-
strength equations (2.16) and (3.12), and the ray-tube area
equation (4.4) . A technique for putting this in terms of the
shock-ground intersection is given in Sec. 3.3.

Fig. 6 Genera-
lized ray tube

coordinates
z = ( x + e ) c o t ( j /

Wave Front (shock)
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Appendix

A.I Derivation of Acoustic Ray-Tracing Equations

All equations appearing in Sees. A.I and A.2 are written
relative to a fixed coordinate system. The transformation to
the moving coordinate system, used in Sec. 3, is given in A.3.
In addition, the repeated subscript summation convention
will be used in order to shorten the presentation.

The equation for the acoustic wave front can be derived as a
characteristic of the Eulerian flow equations. However, a
simple derivation is possible if one starts with the statement:
the acoustic wave front travels in a direction normal to its
surface, at sound speed relative to its ambient atmosphere.

If the wave front is denoted by <l>(x,y,z,f) = 0 (#»,£) = 0 the
direction cosines of the normal to the front are

t = 0«/(02
SJ-)1/2 = (Al)

A point Xi, on the surface at time t, will at time t + A£ be at
Xi + w,-AAT, where A2V is the perpendicular distance between
the surfaces. Since Xi and Xi + ^;A7V are on the surface

0fo, 0 = 0
<t>(xi + Hi AN, t + AZ) = 0

(A2)

(A3)
Expanding Eq. (A3) in a Taylor series about the point (#»,£)
one has, after using Eq. (A2) and retaining first-order terms,

ANn^i + Az0( = o
Divide by AZ, and then let At go to zero to obtain the surface
normal velocity (dN/dt) = —(4>t/Q). The components of
this velocity along the coordinate axes are

= -(ui<t>t/Q) (A4)

These velocity components relative to the wind components,
Ui, are

(dxt/dt) — (A5)

If the velocity components, Eq. (A5), are projected onto the
surface normal one has, from the definition of the velocity of
an acoustic wave front,

it) — Ui\Ui = +a (A6)

Equation (A6) describes a wave front moving through the
atmosphere; one sees that the velocity components, Eq.
(A5), must satisfy the relation

(dxi/dt) - Ui = nia i = 1,2,3 (A7)

These three equations give the velocity of a point, Xi, on the
front; the locus of this point, as the surface moves through
space, is called a ray. Equation (A7) shows that, if there is no
wind, the ray is normal to the surface of the front. In order
to solve Eqs. (A7) the direction cosines n» must be determined.
These, however, vary with the atmosphere as one moves
along the ray; the differential equation for this variation will
be determined now.

Letting d/dt denote differentiation along the ray one has,
using Eq. (Al),

where

drii _ l_ d^ _ njUj d^
~dt = Q 5r xi ~ ~Q"dt

dxk
~dt

(A8)

Differentiating the second equation in (A6) are combining the
result with Eq. (A8) one obtains

-37dt
k . . . ^ .— + Uj — (A9)

The right-hand side is independent of subscript i and is the
same for each m,i = 1,2,3; therefore the differential equation
for the direction cosines of the surface normal can be written
as

1 (tin*
TO! \dt ^V -- ">V „ / — I ^ &X'

1 fdnz duk . da \
= ~ ( -JT + nk — • + — )n3 \ dt O£3 ox3/

(A10)

Equations (A7), (A10), and n^ = 1 are six equations for the
six unknowns x^Ui along the ray.

These equations now will be simplified. First make the
identification

(xi,X2,Xz,ni,n%,nd = (x,y,z;l,m,ri)

Now assume the cross winds (u,v) and sound speed a to be
dependent only on altitude z] also, vertical winds are to be
neglected. The ray equations now become

dx
dt = la + u .— = ma + vat

dz— = nadt
Z2 + m2 + <n? = 1 (All)

1 dl 1 dm 1 /dn da_ du dv\
I dt m dt n\dt dz dz dz)

From a solution of the first equality in the last equation,
l/lh = m/mh with lh and mh initial direction cosines. The z axis
has been set as being vertical, however one is still at liberty as
to the direction of the horizontal x,y axes. Let the a; axis be
so positioned that the normal to the wave front is parallel to
the XjZ plane; then m = mh = 0 (The details of this coordinate
positioning are given in Sec. 3.1.) Equations (All) now read

dx

.+

dy dz— = nadt

i= 1 dl l_ idn da du\
~dt = n [dt ~dz + ~dz)

(A12)

The last three equations in (A 12) can be combined to give

dl = I (da du\
dz a \dz dz /

which integrates to

(a/I) + u = (ah/lh) + uh = const (A13)

This is Snell's law for a varying atmosphere, the right-hand
side being specified by initial conditions. With Eq. (A 13) and
I2 + n2 = 1, one has integrated the direction-cosine equations.
The ray equations are written now in their final form:

dx _ la + u
dz na

dy
dz

V

na
dt
dz na

i=-[(t)xty
u = c (const) I2 + n2 = 1

** It is assumed that a and u are known as functions of altitude
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z. Equation (A 14) can be integrated from aircraft altitude to
ground to give the point of intersection of the ray and the
ground and the time it takes the ray to reach the ground.

A.2 Atmospheric Refraction

Complete acoustical refraction occurs when an initially
downward traveling ray bends upward. The cause of this
phenomenon now will be discussed. At the point of horizontal
slope n = 0 and, hence,

(c - uY - a2 = (c - u - a)(c - u + a) = 0 (A15)

Assume that the ray moves downward in the negative x direc-
tion (see Fig. 5); then both I and n are negative, and the con-
stant c is also negative, as for all practical cases a > u. Hence
Eq. (A15) can vanish only when c — u + a vanishes. Now
consider the ray directly below the flight path; for this case
fo= — cos(90° — M) = ~sin/* = — ah/ \Va\ where p, isMach
angle and Va is aircraft air speed. When the above results
are combined one sees that the ray will bend upward if
— \V*\ + a + (uh — u) vanishes, i.e., if a + (UH — u) increases
sufficiently as the ray travels downward. A headwind decreas-
ing or sound speed increasing as the ground is approached will
cause a ray to be bent upward. Conversely, tail winds de-
creasing ground ward will bend rays downward.

A.3 Transformation to Moving Coordinate System

As mentioned at the beginning of Sec. 2, it is necessary to
measure shock-travel distance and atmospheric wind varia-
tions relative to a coordinate system moving with the wind at
aircraft altitude. In this section relations between the fixed
coordinate system used in the prior two sections, and the
moving coordinate system will be developed. In addition,
ray-tracing equations, corresponding to (A12), will be derived
for the moving coordinate system.

Denote the fixed system by (#/,t//,2/), the moving system
(x,y,z), and the wind components along the #/,2// axes by
Uh,Vh, respectively. The two systems are related as follows:

dx _ . dy— = la + 14 - uh —a£ a£
dz— = nadt

Xf = X + Uht

y/ = y + vht
Zf = Z

(A16)

. . , dl I fdn , da , _ c/w\- | - f t2 = ; t _ = _ | — _[_ — _ |_£ — J
d^ ?i \dt dz dz)

Consider, now, Eqs. (A 12) (a subscript/should be affixed to
the coordinates appearing there) and substitute (A16):

I2

If one now introduces in (A 17) wind components relative to
the wind at aircraft altitude, UQ,VQ: UQ = u — uh', VQ — v + vh,
the equation takes exactly the same form as (A12). Snell's
law, (A13), can be written as

(a/I) + u - uh = (a/I) +u0= (ah/lh) = c (A18)
Therefore, relative to a coordinate system moving with the
wind at aircraft altitude, the ray-tracing equations are as
shown in Eqs. (3.1).
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